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1 Introduction
In our Siciak memorial paper “The Extremal Function for the Complex Ball ...” [8] we
construct the P∞−extremal function VP∞,B2 for the complex Euclidean ball
B2 := {(z1, z2) : |z1|2 + |z2|2 ≤ 1} ⊂ C2
and its complex Monge-Ampe`re measure. Proposition 3.9 gives the formula for VP∞,B2:
Proposition 1.1. For z = (z1, z2) with |z1|2 + |z2|2 ≥ 1,
VP∞,B2(z) =


1
2
{log(|z2|2)− log(1− |z1|2)} if |z1|2 ≤ 1/2 and |z2|2 ≥ 1/2
1
2
{log(|z1|2)− log(1− |z2|2)} if |z1|2 ≥ 1/2 and |z2|2 ≤ 1/2
log(|z1|) + log(|z2|) + log(2) if |z1|2 ≥ 1/2 and |z2|2 ≥ 1/2
.
We recall the notation and definitions in the next section. However our calculation of
the Monge-Ampe`re measure (ddcVP∞,B2)
2, Proposition 4.2 in the paper, is incorrect. The
error in our proof comes from the fact that the function 1
2
[log(|z1|2)− log(1−|z2|2)] is not
pluriharmonic in a neighborhood Ua of any point a ∈ ∂B2∩{|z1| > 1/
√
2 > |z2|}. In fact,
it is fairly straightforward to see that the support of (ddcVP∞,B2)
2 is the full topological
boundary ∂B2 of B2 and the measure itself is absolutely continuous with respect to surface
area measure on ∂B2. Indeed, a much more general conclusion (Corollary 3.4) can be
obtained, giving a partial answer to the question of how the Monge-Ampe`re measures
µPq,B2 := (dd
cVPq,B2)
2 vary with q posed at the end of [8]. We give the correct calculation
of (ddcVP∞,B2)
2 in section 4.
2 Notation and definitions
Let
P1 = {(x1, ..., xd) ∈ Rd : x1, ..., xd ≥ 0, x1 + · · ·xd ≤ 1}
be the standard (unit) simplex in (R+)d. For a convex body P ⊂ (R+)d we define the
finite-dimensional polynomial spaces
Poly(nP ) := {p(z) = ∑
J∈nP∩(Z+)d
cJz
J : cJ ∈ C}
1
for n = 1, 2, ... (here J = (j1, ..., jd)); then Poly(nP1) are the usual polynomials of degree
at most n. We consider P satisfying (1.2) from [8]:
P1 ⊂ kP for some k ∈ Z+. (2.1)
We mention the particular examples
Pq := {(x1, ..., xd) ∈ (R+)d : (xq1 + · · ·xqd)1/q ≤ 1}, 1 ≤ q ≤ ∞,
i.e., the (nonnegative) portion of an lq ball in (R+)d.
The indicator function of a convex body P is
φP (x1, ..., xd) := sup
(y1,...,yd)∈P
(x1y1 + · · ·+ xdyd).
For P satisfying (2.1) we have φP ≥ 0 on (R+)d with φP (0) = 0. Define the logarithmic
indicator function
HP (z) := sup
J∈P
log |zJ | := φP (log |z1|, ..., log |zd|)
where |zJ | := |z1|j1 · · · |zd|jd for J = (j1, ..., jd) ∈ P . We use HP to define
LP = LP (C
d) := {u ∈ PSH(Cd) : u(z) ≤ HP (z) + cu},
(psh stands for plurisubharmonic) and
L+P = L
+
P (C
d) = {u ∈ LP (Cd) : u(z) ≥ HP (z) + Cu}
where cu, Cu are constants depending on u. These are generalizations of the standard
Lelong classes; i.e., when P = P1. Given E ⊂ Cd, the P−extremal function of E is given
by V ∗P,E(z) := lim supζ→z VP,E(ζ) where
VP,E(z) := sup{u(z) : u ∈ LP (Cd), u ≤ 0 on E}. (2.2)
For K ⊂ Cd compact and nonpluripolar, we have
VP,K = lim
n→∞
1
n
log Φn (2.3)
pointwise on Cd where
Φn(z) := sup{|pn(z)| : pn ∈ Poly(nP ), ||pn||K ≤ 1}
(cf., [2]).
From the definitions and from [1], we have the following for K,K1, K2 compact and
P, P˜ satisfying (2.1):
1. if P ⊂ P˜ then VP,K ≤ V‹P,K ;
2. if K1 ⊂ K2 then VP,K1 ≥ VP,K2;
3. from (2.3), VP,K = VP,“K = VP,SK where
K̂ := {z ∈ Cd : |p(z)| ≤ ||p||K, all polynomials p}
is the polynomial hull of K and SK is the Shilov boundary of P (K), the uniform
algebra generated by the polynomials restricted to K.
Standard arguments from the definition (2.2) imply that for K compact and non-
pluripolar, the support S(P ) of µP,K := (dd
cV ∗P,K)
d is contained in K (cf., [1]). From 3.
we have in fact S(P ) ⊂ SK . Finally, we say K is regular if VP1,K is continuous; this is
equivalent to continuity of VP,K for all P satisfying (2.1) [1].
2
3 Addendum
In the standard case P = P1 (cf., [6]), for K compact and nonpluripolar SK \ S(P1) is
pluripolar and is empty if VP1,K is continuous. The same is true for general P satisfying
(2.1).
Claim: The support S = S(P ) of µP,K := (dd
cV ∗P,K)
d differs from SK by at most a
pluripolar set and is independent of P .
To verify this assertion, we begin with the following analogue of Proposition 5.3.3 [9]. For
Ω an open subset of Cd and E ⊂ Ω, the relative extremal function for E relative to Ω is
defined as
uE,Ω(z) = sup{v(z) : v ∈ PSH(Ω), v|E ≤ −1, v ≤ 0} , z ∈ Ω.
Proposition 3.1. Let P ⊂ (R+)d satisfying (2.1), let E be a bounded subset of Cd, and
let Ω be a bounded neighborhood of the polynomial convex hull of E. If E is not pluripolar,
then there exist positive numbers m and M such that
m(uE,Ω + 1) ≤ VP,E ≤M(uE,Ω + 1) in Ω.
Moreover, if Ω = {V ∗P,E < C} for some positive constant C, then
V ∗P,E = C(u
∗
E,Ω + 1) in Ω.
The proof is straightforward and can be found in [11].
Theorem 7.1 of [6] shows, in particular, that for K a compact, nonpluripolar, polyno-
mially convex (K = K̂) subset of a strictly pseudoconvex Runge domain Ω ⊂ Cd (e.g., a
Euclidean ball), the support SK,Ω of (dd
cu∗K,Ω)
d differs from SK by a pluripolar set and
is empty if uK,Ω is continuous. Thus in order to prove the assertion that SK \ S(P ) is
pluripolar and is empty if VP,K is continuous, it suffices to show µP,K := (dd
cV ∗P,K)
d and
(ddcu∗K,Ω)
d are mutually absolutely continuous where Ω is any ball containing K̂. This
follows from Proposition 3.1 and the following Monge-Ampe`re comparison result which
is a consequence of the proof of Lemma 2.1 in [5] (which itself is based on Lemma 2.1
in [10]). The next proposition will also allow us to give some information on the variation
of µPq,B2 := (dd
cVPq,B2)
2 in q.
Proposition 3.2. Let Ω be a domain in Cd and let u, v ∈ PSH(Ω) ∩ L∞loc(Ω) satisfy the
following properties:
1. there exists S ⊂ Ω compact and nonpluripolar with supp(ddcu)d=supp(ddcv)d = S
except perhaps a pluripolar set;
2. S = {u = 0} = {v = 0} except perhaps a pluripolar set;
3. u ≥ v ≥ 0 in Ω.
Then (ddcu)d ≥ (ddcv)d as positive measures.
In [5] the set S was contained in Ω∩Rd but this hypothesis is not necessary (in that paper,
they worked with subsets of Rd). We give a complete proof, following the arguments in [5].
Essentially, this is a generalization of Theorem 5.6.5 in [9] where it is assumed u, v are
continuous and psh on a neighborhood of Ω and u > v on ∂Ω (see also Lemma 2.1 of [7]).
3
Proof. We take standard smoothings uǫ = u ∗ χǫ and vǫ = v ∗ χǫ. Let ω be a relatively
compact subdomain of Ω with smooth boundary with S ⊂ ω. Let U, V be the restrictions
of u, v to ∂ω and let Uǫ, Vǫ be the restrictions of uǫ + 2ǫ, vǫ + ǫ to ∂ω. Finally, for δ > 0,
let
Sδ := {z : dist(z, S) ≤ δ}.
We can assume δ is sufficiently small so that Sδ ⊂ ω.
Define
uǫδ(z) := sup{w(z) : w ∈ PSH(ω), w ≤ 0 on Sδ, lim sup
z→ζ
w(z) ≤ Uǫ(ζ), ζ ∈ ∂ω}
and
vǫδ(z) := sup{w(z) : w ∈ PSH(ω), w ≤ 0 on Sδ, lim sup
z→ζ
w(z) ≤ Vǫ(ζ), ζ ∈ ∂ω}.
The set Sδ is a regular compact set and by the J. B. Walsh theorem ( [9], Theorem 3.1.4),
uǫδ, v
ǫ
δ ∈ PSH(ω) ∩ C(ω). By Lemma 2.1 of [10],
(ddcuǫδ)
d ≥ (ddcvǫδ)d.
Letting δ ↓ 0, we have
uǫδ ↑ u∗S,ǫ a.e. in ω
where
uS,ǫ(z) := sup{w(z) : w ∈ PSH(ω), w ≤ 0 on S, lim sup
z→ζ
w(z) ≤ Uǫ(ζ), ζ ∈ ∂ω}.
Similarly,
vǫδ ↑ v∗S,ǫ a.e. in ω
where
vS,ǫ(z) := sup{w(z) : w ∈ PSH(ω), w ≤ 0 on S, lim sup
z→ζ
w(z) ≤ Vǫ(ζ), ζ ∈ ∂ω}.
From continuity of the Monge-Ampe`re operator on locally bounded psh functions under
a.e. increasing limits, we have
(ddcu∗S,ǫ)
d ≥ (ddcv∗S,ǫ)d.
Finally, we let ǫ ↓ 0. We have
u∗S,ǫ ↓ u∗S on ω
where
uS(z) := sup{w(z) : w ∈ PSH(ω), w ≤ 0 on S, lim sup
z→ζ
w(z) ≤ U(ζ), ζ ∈ ∂ω};
and
v∗S,ǫ ↓ v∗S on ω
4
where
vS(z) := sup{w(z) : w ∈ PSH(ω), w ≤ 0 on S, lim sup
z→ζ
w(z) ≤ V (ζ), ζ ∈ ∂ω}.
But clearly u∗S ≤ u and v∗S ≤ v on ω; and since u∗S, v∗S = 0 on S except perhaps a
pluripolar set, it follows that u ≤ u∗S, v ≤ v∗S on S except perhaps a pluripolar set. This
set contains the supports of (ddcu∗S)
d and (ddcv∗S)
d; hence by the domination principle
(Corollary 4.5 [4]) the reverse inequalities hold on ω; i.e., u∗S ≥ u and v∗S ≥ v so that
equality holds on ω. By continuity of the Monge-Ampe`re operator on locally bounded
psh functions under decreasing limits, (ddcu)d ≥ (ddcv)d.
An immediate consequence of the Claim, together with Proposition 3.2 and item 1.
from the last section, is the following result.
Corollary 3.3. Let K ⊂ Cd be compact and nonpluripolar. Let P ⊂ P˜ be convex bodies
in (R+)d satisfying 2.1. Then
µP,K = (dd
cV ∗P,K)
d ≤ µ‹P,K = (ddcV ∗‹P,K)d.
We now go back to the case of K = B2 ⊂ C2. This is a regular compact set with
SK = ∂B2.
Corollary 3.4. For K = B2 ⊂ C2, the measures µPq,B2 := (ddcVPq,B2)2 for 1 ≤ q ≤ ∞
all have support equal to the sphere ∂B2. Moreover, for q1 ≤ q2,
µPq1 ,B2 ≤ µPq2 ,B2 .
We know that µP1,B2 is a multiple of surface area measure dσ on ∂B2. To be precise,
we are normalizing so that∫
C2
µP1,B2 =
∫
C2
(ddcHP1)
2 = (2π)2 = 4π2
since we take d = ∂ + ∂ and dc = i(∂ − ∂). Writing
dσ = z1dz1 ∧ dz2 ∧ dz2 + z2dz1 ∧ dz1 ∧ dz2, (3.1)
we have ∫
∂B2
dσ = 4π2 so that (ddcHP1)
2 = dσ.
Here, in the first integral, using polar coordinates z1 = r1e
iθ1 , z2 = r2e
iθ2 with θ1, θ2 ∈
[0, 2π], and r1 = cosψ, r2 = sinψ with ψ ∈ [0, π/2] gives
∫
∂B2
dσ =
∫ 2π
0
∫ 2π
0
∫ π/2
0
2 cosψ sinψdψdθ1dθ2 = 4π
2.
Then for 1 ≤ q ≤ ∞, from [1] we have∫
C2
µPq,B2 =
∫
C2
(ddcHPq)
2 = 2!(4π2)V ol(Pq) (3.2)
where V ol(Pq) denotes the Euclidean area of Pq ⊂ (R+)2.
5
4 Calculation of (ddcVP∞,B2)
2
To compute (ddcVP∞,B2)
2, we use our explicit formula (1.1) and a result from [3]. From
their main result, Theorem 1, defining
u(z1, z2) = log(|z2|2)− log(1− |z1|2),
it follows that there is a piece of (ddcVP∞,B2)
2 supported on the portion of ∂B2 where
|z2| ≥ |z1| given by
1
4
dcu ∧ ddcu.
We easily compute
∂u =
z1
1− |z1|2dz1 +
1
z2
dz2 and ∂u =
z1
1− |z1|2dz1 +
1
z2
dz2
so that
dcu = i(∂u− ∂u) = iÄ z1
1− |z1|2dz1 +
1
z2
dz2 − z1
1− |z1|2dz1 −
1
z2
dz2
ä
.
Then
1
i
ddcu = d
z1
1− |z1|2 ∧ dz1 + d
1
z2
∧ dz2 − d z1
1− |z1|2 ∧ dz1 − d
1
z2
∧ dz2
=
1
(1− |z1|2)2dz1 ∧ dz1 −
1
(1− |z1|2)2dz1 ∧ dz1 =
2
(1− |z1|2)2dz1 ∧ dz1.
Thus
dcu ∧ ddcu = [ z1
1− |z1|2dz1 +
1
z2
dz2 − z1
1− |z1|2dz1 −
1
z2
dz2] ∧ 2
(1− |z1|2)2dz1 ∧ dz1
=
2
z2(1− |z1|2)2dz2 ∧ dz1 ∧ dz1 −
2
z2(1− |z1|2)2dz2 ∧ dz1 ∧ dz1.
To see that dcu ∧ ddcu is a function multiple of dσ in (3.1), we first observe on ∂B2
d(|z1|2 + |z2|2) = 0 = z1dz1 + z2dz2 + z1dz1 + z2dz2
so that away from z1 = 0,
dz1 =
−1
z1
[z1dz1 + z2dz2 + z2dz2]
and
dz2 ∧ dz1 ∧ dz1 = −z2
z1
dz2 ∧ dz2 ∧ dz1. (4.1)
Writing dσ = dσ1 + dσ2 where
dσ1 = z1dz1 ∧ dz2 ∧ dz2 and dσ2 = z2dz1 ∧ dz1 ∧ dz2, (4.2)
using (4.1) we have
dσ2 =
−|z2|2
z1
dz2 ∧ dz1 ∧ dz2 = |z2|
2
z1
dz1 ∧ dz2 ∧ dz2 = |z2|
2
|z1|2dσ1. (4.3)
6
Hence for |z2| ≥ |z1|,
dσ = (1 +
|z2|2
|z1|2 )dσ1. (4.4)
Using (4.1), then (4.2) and (4.3), and finally (4.4), it follows that
dcu ∧ ddcu = 2
z2(1− |z1|2)2dz2 ∧ dz1 ∧ dz1 +
2
z1(1− |z1|2)2dz2 ∧ dz2 ∧ dz1
=
2
|z1|2(1− |z1|2)2 z1dz1 ∧ dz2 ∧ dz2 +
2
|z2|2(1− |z1|2)2 z2dz1 ∧ dz1 ∧ dz2
=
2
(1− |z1|2)2
î 1
|z1|2 z1dz1 ∧ dz2 ∧ dz2 +
1
|z2|2 z2dz1 ∧ dz1 ∧ dz2
ó
.
=
2
(1− |z1|2)2
î 1
|z1|2dσ1 +
1
|z1|2dσ1
ó
=
4
(1− |z1|2)2
1
|z1|2dσ1
=
4
(1−|z1|2)2
1
|z1|2
(1 + |z2|
2
|z1|2
)
dσ =
4
(1− |z1|2)2dσ =
4
|z2|4dσ.
Similarly, it follows that there is a piece of (ddcVP∞,B2)
2 supported on the portion of
∂B2 where |z1| ≥ |z2| given by
1
4
dcv ∧ ddcv
where v(z1, z2) = log(|z1|2)− log(1− |z2|2) so that
dcv ∧ ddcv = 4|z1|4dσ.
Thus the contribution to (ddcVP∞,B2)
2 from these pieces is of the form f∞(ζ)dσ where
ζ = (z1, z2) ∈ ∂B2 and
f∞(ζ) =
1Ä
max[|z1|, |z2|]
ä4 .
Again using polar coordinates z1 = r1e
iθ1 , z2 = r2e
iθ2 with θ1, θ2 ∈ [0, 2π], and r1 =
cosψ, r2 = sinψ with ψ ∈ [0, π/2], we compute
∫
∂B2
f∞dσ =
∫
∂B2
1Ä
max[|z1|, |z2|]
ä4dσ
=
∫ 2π
0
∫ 2π
0
∫ π/4
0
2
cos4 ψ
cosψ sinψdψdθ1dθ2 +
∫ 2π
0
∫ 2π
0
∫ π/2
π/4
2
sin4 ψ
cosψ sinψdψdθ1dθ2
= 4
∫ 2π
0
∫ 2π
0
∫ π/4
0
1
cos4 ψ
cosψ sinψdψdθ1dθ2 = 8π
2.
From (3.2), since V ol(P∞) = 1, this accounts for all of the mass of (dd
cVP∞,B2)
2. Thus
(ddcVP∞,B2)
2 =
1Ä
max[|z1|, |z2|]
ä4dσ.
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